Swashplate mechanism is the steering control mechanism used in most helicopters. It is a complex multi-loop closed kinematic chain which controls the angles of attack of the main rotor blades. In most new model helicopters, this mechanism is also equipped with the bell-hiller stabilizer bar (flybar), to improve the stability. This paper aimed at the kinematic analysis of one of the latest architectures of the swashplate mechanism, used for hingeless rotor with the flybar. Hence, the position analysis of each module and whole mechanism, based on parallel manipulators concept with more details involved than other works, was presented here. The kinematic model was further developed to obtain Jacobian matrices, velocity and acceleration analysis in detail. Finally, a particular example was conducted and compared with an ADAMS rigid body dynamic model, to verify the analytical model. In many simulated cases, the results matched.
Introduction
The main steering control mechanism commonly used in most helicopters is often called the swashplate mechanism. This mechanism actually comprises some parallel manipulators (1) which are typically set of platforms connected by several extendable limbs or legs (2) . The basic component of the mechanism under study is a swashplate located on the main rotor central mast. A swashplate may have two, three or four Degrees Of Freedom (DOF), depending on its specific design. Usually it slides in a direction parallel to main axis and also rotates about two axes in its own plane. A combination of these motions controls the angles of the main rotor blades, consequently the direction and magnitude of the trust vector.
The steering control mechanism has a vital role in flight control of the air vehicle. Most new model helicopters also use the flybar to augment stability and make it easier for pilot to fly. The "hingeless rotor hub with Bell-Hiller stabilizer bar (flybar)" currently represents the most popular and widely accepted design as best compromise between performance and stability (3) . The main purpose of this study is the theoretical kinematic analysis of a swashplate mechanism, used in the above-mentioned rotor design, to obtain a complete mathematical model. Such an analytical model is useful, as a black box, during design, analysis and simulation of the propeller module of model helicopters and controlling (1) . Although some general researches have derived kinematic relations for main rotor control mechanisms, most of them merely used linear displacement approximations or experimental, conceptual identifications. To the best of our knowledge, published works specifically on nonlinear and exact analysis of such mechanisms are very limited.
A general position analysis of a main rotor control mechanism, as a complex multiloop kinematic chain, is discussed in Refs. (4) and (5) based on the multibody systems analysis. A multibody dynamics modeling of rotorcraft systems, upon the nonlinear finite element methods is described in Ref. (15) , which is not an attractive choice for real time control application. Also, Lange et al (1, 6) have applied the parallel manipulators concepts, as used here, for the detailed kinematic and dynamic analyses of a specific swashplate mechanism, namely the configuration used in CL-327 co-axial counter-rotating propeller.
Regarding our particular swashplate mechanism, a new mathematical model for a model-scale helicopter robot including flybar is presented by Kim and Tilbury (3) . This focuses on flybar interaction description, while the nonlinear mapping between the actuated joints and blade angles is still a missing chain in its kinematic analysis of the actuating mechanism. Later, a newly published paper (7) conducted a nonlinear position analysis, which is not a comprehensive kinematic or dynamic one; furthermore it is limited to some planar assumptions.
Hence, to obtain a new detailed comprehensive analytical model of the mentioned mechanism, this paper surveys a complete and precise spatial kinematic analysis on position, velocity and acceleration levels.
Description of the mechanism
The schematic of the whole swashplate mechanism in the hingeless rotor hub with the flybar is shown in Fig. 1 . The swashplate (No. 4 and 5) is located on the main central mast (No. 6) and connected to it through a spherical and slider pair. This arrangement enables the swashplate to slide in a direction parallel to the main axis of central mast (collective input) and also to rotate about two axes in its own plane (cyclic inputs).
These three DOFs of the swashplate are controlled by three angular servo actuators mounted on the helicopter body or base plate (No. 1). Each actuator is connected to the swashplate lower ring (No. 4) via an input lever (No. 2) and a swash rod (No. 3). On the other hand, the swashplate upper ring (No. 5) is connected to the main blades (No. 18) and flybar assembly (No. 11, 12 and 13) through two sets of symmetric linkages above it, respectively. Only one side of two sets of linkages is shown in this figure for clarity. The other is simply mirrored.
In fact, the first set relates the upper ring to the main blades. It consists of the mixing arm rod (No. 15), the mixing arm (No. 14) which is jointed to the flybar seesaw (No. 13) and the pitch rod (No. 16). Each main blade is hinged on the hub (No. 19) so that its pitch angle can be changed independently.
The second set connects the upper ring to the flybar blades (No. 12). It is composed of the radius arm (No. 7), the wash-out arm (No. 9) jointed to the slider block (No. 8) and flybar control rod (No. 10). It should be noted that two flybar blades are hinged to a single flybar seesaw (No. 13) while being fixed to each other. Also, the flybar seesaw is jointed on the mast to flap freely while remaining 90° out of phase with respect to the main blades. There is a direct relationship between the cyclic input applied to the flybar and its flapping angle. When a cyclic pitch input is applied to the flybar, the flybar blades pitch angles are changed inversely. This creates a lift which tilts the flybar.
The collective pitch input to the main blades is controlled by raising or lowering the swashplate. The slider block prevents the collective input from affecting the flybar.
The cyclic pitch input to the main blades is controlled by a combination of the "bell input" from the swashplate and the "hiller input" from the flybar. As shown in Fig. 1 , two arms come from the swashplate; one arm allows the blade pitch angle to be changed directly from the cyclic input of the swashplate (bell input). With respect to this arm, the response is fast, but the stability is reduced (3) . Meanwhile, the other arm considered as hiller input, allows the flybar pitch angle to be changed. As a result the flybar then flaps and causes the pitch of the main blade to be changed (hiller input).
As mentioned above, the flybar could be considered to be another actuator to the main blades. By applying the additional cyclic control to the flybar and allowing the flybar to apply a secondary cyclic input to the main blades, the servo power is significantly reduced. Meanwhile, the flybar main role is the stability augmentation of the Model helicopter (8) . Stability can be increased by allowing the main blades to flap (in the case of seesaw rotor) or removing the bell input; the helicopter would then respond more slowly (3) . The mechanism DOFs according to Chebyshev-Grübler formula is 4. It includes 3 DOFs of the swashplate and 1 DOF pertaining to main rotation of the rotor (the mast and upper-module). However, since the flapping and feathering motion of the flybar are decoupled due to its particular design, we finally end up with 5 DOFs. This additional DOF is the flapping motion of the flybar. The details of the mechanism DOFs and mobility analysis can be found in Refs. (9) and (10).
Position analysis
The design of the swashplate mechanism under study allows one to decouple it into two separate parts; namely, the down-swashplate (Down-SP) module and the up-swashplate (Up-SP) module. They have 3 and 5 DOFs respectively, with a parallel manipulator topology.
Here, we analyze kinematics of each module separately. Then using a transformation, we relate the results of both modules and complete the global kinematics flow. This strategy lets us analyze Up-SP module in a local reference frame which is attached to the rotating mast and is stationary toward that.
As illustrated in Fig. 2 , for a determined azimuth rotor angle (ψ ), the calculation of the blade angles ( { } In fact, the local reference frame is attached to the mast and rotates with it, in comparison with the reference frame. The latter introduced frame is applied to Up-SP module analysis in next sections. Considering α ′ and γ ′ be the local orientation angels of the swashplate upper ring, and sp ′ Q as its rotation matrix, with respect to this local reference frame. As a result, the absolute rotation matrix of the upper ring with respect to the reference frame, spu Q , is 
where n is unit vector along Y axis. This is the basic kinematic link between Up-SP and Down-SP modules. Substituting Eqs. (1) and (2) into (3), it can be solved to find α ′ and γ ′ in terms of , α γ and ψ angles as follows 
Position Analysis of Down-SP Module
This module can be considered as a modified 3-RRRS with the common notations in spatial parallel mechanisms. As demonstrated in Fig. 5(a) , three legs connect the non-rotating lower ring of the swashplate, namely the moving platform, to the fixed base. For this manipulator three revolute joints that connect each limb to the base plate are considered as the actuated joints. The axes of these joints lie on a single line. It should be reminded that this mechanism has 3 DOFs, since the swashplate can slide in a direction parallel to main axis and rotates about two axes in its own plane. 
where . denotes the Euclidian norm of its vector argument. Consider: Substituting vector i p into Eq. (5) and some expansion, yields
Now, scalar coefficients are defined as 2 ( ) and 2 ( ) 2
where the constant i c refers to
. Then we can rewrite Eq. (7) in terms
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Finally, we have derived three nonlinear equations which can be solved for three unknowns as will be explained later.
Direct kinematics
For the direct kinematics the input joint angles { } First, using dialytic elimination (11) , H is eliminated to obtain only two equations in α and γ . Multiplied by H , Eqs. (8) is given as 3 2 0 ; 1,2,3
Now, writing Eqs. (8) and (9) for i=1 and 2, a homogeneous matrix equation can be expressed as 
while, similarly, for i=1 and 2 as = ( ) ( )
The above equations are simultaneously solved to find two unknowns α and γ .
Since each ( , ) 0 j f α γ = for j=1 and 2 determines a contour in the α γ − plane, according to the contour method (12) , the intersections of two contours provide all real solutions. Finally, for an analytical solution, eliminating one of two variables using the half-tangent angle relations, a single equation called the characteristic equation of the problem is obtained. The resultant polynomial admits up to 36 solutions according to the Bezout Theorem (11, 12) . Once it is solved numerically, the other unknowns are readily obtained from Eqs. (8) by back-substitution.
Inverse kinematics
For a given pose of the swashplate ( , , H α γ ), finding the actuated joints angles ( { } 
Their geometry is shown in Fig. 6 . These solutions could be considered as two intersections of a circle generated by the motion of the link i ρ and a sphere generated by
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Vol. 4, No. 4, 2010 the full range of motion of the link i l about point P . For the mechanism under study, only one solution is acceptable for small values of i θ , i.e. between ±90˚. 
Position Analysis of the UP-SP Module
The Up-SP module is a complex manipulator with some parallel kinematic chains. The moving platform is the upper ring of the swashplate, which is connected to the flybar through two sets of linkages (see The vector definition for the mechanism is illustrated in Fig. 7 . Only one side of the two 
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while i a denotes a virtual pitch arm vector of the flybar blade holder, Also according to θ θ ) in the case of inverse kinematics for example. It should be noted that since the mechanism has 4 DOFs, only four unknown variables are independent. So the overall eight equations is reduced to four equations and solved to find these as follows.
Direct kinematics
For direct kinematics of the Up-SP module, the blade pitch angles { } 
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Inverse kinematics
For inverse kinematics of the Up-SP module, the pose of the swashplate ( , α γ ′ ′ and H ) and the flybar flapping angle ( β ) are given and the problem is finding the blade and flybar
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Velocity analysis
Now we proceed to the velocity and jacobian analysis of the mechanism. In this subsection, we derive a linear relation between the actuated joint rates and the twist (linear and angular velocity) of the swashplate for each module, meanwhile obtaining their jacobian matrices. It is noteworthy that for Up-SP module, the analysis is done on the basis of the local reference frame which rotates with that, like the position analysis.
The velocity link between up and down modules, resulting from relations between the velocity of the upper and lower ring of swashplate, is obtained by direct differentiation from Eqs. (3) with respect to time. Note that the swashplate displacement rate, H , in up and down modules must be kept as mirrored to each other, during applying this velocity link.
Velocity Analysis of Down-SP Module
Since this module of the mechanism possesses only 3DOFs, the input vector can be written as the actuated joint rates, 
Writing Eq. (38) for each i=1,2 and 3, results three scalar equations which can be assembled in a matrix form as below 1 1  1  1  1  1  1   2  2  2  2  2  2  2   3  3  3  3  3  3 3
It should be noted that the linear and angular velocity of the swashplate are .(
.
As a result, the overall jacobian matrix of Down-SP module is
Velocity Analysis of Up-SP Module
Here we derive jacobian matrix and velocity relations for the Up-SP module of the mechanism with respect to its own local reference frame. These relations are independent of the angular velocity of the rotor so that expressions free of ψ are derived. This module possesses 4DOF, thus the input actuated joint rates vector can be described by the two feathering rates of the main blades and the feathering and flapping rates of the flybar as 
where ω is the swashplate angular velocity and 
Calculating i ϕ from first equation and substituting it into the second one, yields a single general equation
The scalar constant bi C is defined as 
where ( ) ( ) 
The is a unit vector along the flybar seesaw, and eliminating zero rows, finally where results.
These are considered the second set of the jacobian sub matrices of the Up-SP module. Combining the two sets of the jacobian sub matrices from Eqs. (50) and (57), we obtain the overall jacobian equation of the Up-SP module as 
Acceleration analysis
The parallel robots may present excellent characteristics in acceleration (13) . In this section, we will derive relations between the active joint acceleration rates and the swashplate linear and angular accelerations. Note that by direct differentiation from velocity equation q x = J q J x , the following is obtained
Thus the determination of the acceleration equation amounts to the determination of the derivative of the jacobian matrices. Also, the joint accelerations can be obtained from above equation. Specifically for the inverse analysis it is: 1 ( )
Hence, we focus on the determination of the derivative of the jacobian matrices for each module. Just like the position and velocity analysis, the Up-SP module acceleration analyses will be done based on the local reference frame. It is evident that the acceleration link between the up and down swashplate modules can be found by taking derivative of their velocity link with respect to time. 1  1  1  1  1   2  2  2  2  2  2  2   3  3  3  3  3  3  3ˆ. (
,0, . 
It should be noted that each rod does not spin about its longitudinal axis so 0
Acceleration Analysis of the Up-SP Module
Upon Eq. (58), the derivatives of the jacobian matrices of this module are , 
The previous differentiations are entirely determined using Eq. (62) and another derivative rule as
where C denotes a scalar constant. Note that the derivative of constant value bi C which is necessary for terms determination of Eq. In addition to the longhand analytical model, the numerical dynamic simulation software, ADAMS, was used to verify the analytical results. So an ADAMS rigid body model of the same mechanism was built and simulated for the mentioned inputs. As it is illustrated in Figs. 13 and 14 , in all simulated cases, both simulation and analytical results were well matched.
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Conclusion
In this paper, a novel comprehensive analytical model for kinematics of the swashplate mechanism was derived which is used in "hingeless rotor hub with the flybar", based on parallel manipulators concept and without any simplification. This has been mainly done by introducing two modules and the idea of analyzing the Up-SP module in a local reference frame and extending it to develop the whole mechanism model. Thus, the direct and inverse position analysis and a general methodology for determining their solutions were provided. Although a large number of solutions are given, simply by the application of the configuration constraints of the mechanism under study, the preferred solutions are very restricted. The kinematic model was further developed to obtain Jacobian matrices, velocity and acceleration relations. Conducting a particular example and comparing it with an ADAMS rigid body simulation, the ability of this analytical model to predict kinematics of such complex mechanism was proved.
